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1 fluid description of plasmas

1.1 Fluid variables

We first define the volume of a fluid parcel as

dx3 = dxdydz,

which has the mass

m = (nimi +neme)dx3

and the mass density

ρ=
m
dx3 = (nimi +neme) = ρi + ρe.

Mass m and density ρ are fluid variables. We now introduce the average velocity u
of the plasma particles in the fluid parcel. Obviously, the fluid parcel will flow at
this speed. The distribution f (v|u) of particle speeds can often described by a shifted
Maxwellian, i.e.

f (v|u) = n
(πv2

th)
3/2 exp

{
−(v−u)2

v2
th

}
.

Knowledge of f (v) allows us to compute u

u =

∫
v f (v)dx3∫
f (v)dx3 =

1
n

∫
v f (v)dx3.
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The next fluid variable to discuss is the particle flux through a face of the fluid volume
dx3. Let us consider the flux through the dxdy face. Because flux is number of
particles per area and time we can write

Γxy =
N

dxdydt
,

or after multiplying with dz/dz

Γxy =
N

dxdydz
dz
dt

= nuz,

where uz is the z component of fluid velocity. In general

Γ̄ = nu.

The current density j of the fluid parcel is the charge flux

j = nqu.

The last fluid variable we need to consider is the pressure, which in fact is the flux of
momentum evaluated in the frame moving with u.

1.2 Pressure

In the case of a fluid pressure is flux of momentum evaluated in a frame moving with
the fluid at velocity u, i.e.

P =
∫

v⊗p(v) f (v) dv.

In contrast to a gas pressure in a fluid is not necessarily a scalar, the general case is
that the pressure is a tensor

Pi j =

 Pxx Pxy Pxz

Pyx Pyy Pyz

Pzx Pzy Pzz

 .

Let us consider an ideal gas. The momentum flux in x direction, i.e. Pxx, is

Pxx =
∫

vxmvx f (v)dv = nm〈 v2
x 〉= 1

2 kBT = Pyy = Pzz,

where the mixed tensor components vanish, e.g.

Pxy =
∫

vxmvy f (v)dv = nm〈 vxvy 〉= 0.
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1.3 Continuity equation

∂

∂t
m =

∂

∂t
(ρ dxdydz) = ∑ inward-flow = ρuxdydz

6 sides: ∫
∂ρ

∂t
dx3 =−

∮
ρudA

divergence theorem:
∮

FdA =
∫
(∇F)dx3:∫

∂ρ

∂t
dx3 =−

∫
∇(ρu)dx3

or ∫ [
∂ρ

∂t
+∇(ρu)

]
dx3 = 0

Continuity equation:
∂ρ

∂t
+∇(ρu) = 0

In general, if H is conserved, then

∂

∂t
H+∇(H⊗u) = 0,

where (H⊗u) is the flux of H. If there is a source term S = new mass
dx3 , then we need to

change the continuity equation to

∂ρ

∂t
+∇(ρu) = S.
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